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In this paper, we investigate the controllability on the IBVP for a class of wave
equations with dynamic boundary conditions by the HUMmethod as well as the
wellposedness for the related back-ward problems. After proving a new observability
inequality, we establish new wellposedness and controllability theorems for the IBVP.
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1 Introduction
In this paper, we consider the exact boundary controllability on the IBVP for wave equa-




φ′′ –φ + f (φ) = , (x, t) ∈Q = × (,T),
–Tφ + ∂φ∂ν = v, on  × (,T),
φ = , on  × (,T),
φ(,x) = φ, φt(,x) = φ, x ∈ ,
(.)
where  ⊂Rn is a bounded domain with smooth boundary  ∪ , ¯ ∩ ¯ = ∅, and T
is tangential Laplace operator. The boundary condition on  is called the static Wentzell




= v, on  × (,T). (.)
The systemmodels an elastic body’s transverse vibration. For details, please see the paper
of Lemrabet []. In [–] and the references therein, one can ﬁnd more details as regards
dynamic boundary conditions. Moreover, Heminna [] gives the controllability for elas-
ticity system with two controls: both tangential and normal, under the assumption of the
wellposedness for the backward system, which is a key assumption for getting control-
lability. In this paper, we establish ﬁrst of all the wellposedness theorem for back-ward
systems based on the transposition method (cf. []) and then obtain the controllability on
the IBVP for the wave equation above by using the method of HUM.
© 2016 Li and Xiao. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
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2 Boundary controllability for Wentzell systems
For simplicity, we write
V =H () :=
{
v ∈H() : v| ∈H(), v| = 
}
, H = V × L(),
with the norm





H = ‖u‖V + ‖v‖L().
We study the controllability under the geometric condition:
∃x ∈Rn, (x – x) · ν ≤ , on .




u′′ –u = , (x, t) ∈Q = × (,T),
–Tu + ∂u∂ν = , on  × (,T),
u = , on  × (,T),
u(,x) = u, ut(,x) = u, x ∈ .
(.)



























Then it is clear that E(t) = E().





u′ + u + |∇Tu| + |Tu|
)
dsdt, (.)
where R = maxx∈¯ |x – x|,  = (,T)× .
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Proof Multiply the equation with the radial multiplier (x – x) · ∇u + n– u and integrate




































(x – x) · ∇udsdt


























(|∇Tu| – (x – x) · ν|∇u|
)
dsdt. (.)




















Combining with the geometric condition (x– x) · ν ≤  on , we deduce from (.) and
(.) that






























∣ + |Tu| + u + |∇Tu|
)
dsdt.
So, the observability inequality (.) holds. 











∣ + |Tu| + u + |∇Tu|
)
dsdt,








u′v′ +TuTv + uv +∇Tu∇Tv
)
dsdt,
where u (or v) is the solution of (.) with initial data (u,u) (or (v, v)). Let
F :=
{
(u,u) ∈ C∞(¯)×C∞(¯) : ∂νu –Tu = 
}‖·‖F . (.)
Then (F , 〈·, ·〉F ) is a Hilbert space.




φ′′ –φ = , in Q,
∂φ
∂ν
–Tφ = v, on  × (,T),
φ = , on  × (,T),
(.)
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with terminal data
φ(T) = φ, φ′(T) = φ, in , (.)
where
v(x, t) = –∂tu′ +T (Tu) –Tu + u








, ∀ψ ∈H(,T ;L()).
For every
(
θ , θ ′
) ∈ C((,T + ε);D(A)) ∩C((,T + ε);D(A)) ∩C((,T + ε);H)




















f = θ ′′ –θ ∈ L(,T ;V ).




θ ′′ –θ = f , in Q,
∂θ
∂ν
–Tθ = , on ,
θ = , on ,
θ () = , θ ′() = , in .
(.)
Theorem . In the sense of (.), the problem (.)-(.) has a unique solution φ satis-
fying
φ ∈ L∞(,T ;V ′).
Proof First of all, we give the energy estimate for the nonhomogeneous system (.).






















f θ ′ dxdt,




E(T) + ‖f ‖L(,T ;L())
)
, ∀t ∈ (,T).


























































































E(T) + ‖f ‖L(,T ;V )
)
, ≤ t ≤ T .




θ ′′ –θ = , in Q,
∂θ
∂ν
–Tθ = , on ,
θ = , on ,





θ ′′ –θ = f , in Q,
∂θ
∂ν
–Tθ = , on ,
θ = , on ,









(∇Tu∇Tθ +TuTθ + utθtd + uθ )dsdt.













(∇Tu∇Tθ +TuTθ + utθt + uθ
+∇Tu∇Tθ +TuTθ + u′θ ′ + uθ
)
dsdt
≤ C(∥∥{θ (T), θ (T)}∥∥F + ‖f ‖L(,T ;V )
) 
 .
Therefore, L : F × L(,T ;V ) → L∞(,T ;V ′) × F ′ is a bounded operator. So ∃φ ∈














∇Tu∇Tθ +TuTθ + u′θ ′ + uθ dsdt,
where
∫
Q φf dxdt means 〈·, ·〉L∞(,T ;V ′),L(,T ;H()). Next, we prove that
φ(T) = ρ, φ′(T) = ρ.
Let λ be the eigenvalue for the  operator with mixedWentzell, Dirichlet boundary con-
ditions and m be the corresponding eigenvector. The existence of eigenvalue for the 
operator with mixed Wentzell, Dirichlet boundary condition is based on the fact that




–m = λm, in ,
∂m
∂ν
–Tm = , on ,
m = , on .
Set f := g(t)m, where g is a smooth function in [,T + ε], and let θ := h(t)m. Then
{
h′′ + λh = g,
h() = , h′() = .
(.)
Claim ∃g = g such that
h(T) = h′(T) = , h′′(T) = .















TuTm – u′′m +∇Tu∇Tm +mu
)
h(t)dsdt.
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TuTmh(t) – u′′mh(t) +∇Tu∇Tmh(t) + umh(t)dsdt. (.)

































h′′(T) – 〈ρ,m〉h′′(T) = ,
which implies that φ(T) = ρ. Similarly, we obtain φ′(T) = ρ.












Then, by the Kalman condition [], we know that (.) is controllable. Set X(t) :=














eA(T–s)BBTeAT (T–s) ds. Then









Clearly, X(T) = , X ′(T) = . This proof is then complete. 
The following is our exact controllability theorem.
Theorem . Let T > R and F be the Hilbert space deﬁned in (.). Then for every
(φ′(), –φ()) ∈ F ′, there are (u,u) ∈ F and a control function
v(x, t) = –∂tu′ +T (Tu) –Tu + u,
where u is the solution to (.), such that the solution φ(t) of system (.) with initial data
(φ(),φ′()) satisﬁes
φ(T) = , φ′(T) = .
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For the nonlinear case, we assume that f ∈ W ,∞loc (R) satisﬁes f () =  and the super-
linear condition (see []):
∃C > ,p > : ∣∣f ′(s)∣∣ ≤ C|s|p–, ∀s ∈ R with p < n
n –  + ε
if n≥ . (.)
Proposition . Assume that f satisﬁes the super-linear condition (.).Then there exists
T >  such that for every T > T, there is a neighborhood ω of (, ) in V ×L() such that
for each (φ,φ) ∈ ω, there exists a control v ∈H–() such that the solution to (.) satisﬁes
φ(T) = , φ′(T) = .
Proof From the results for the nonlinear system of Neumann problems (see []), we see





φ′′ –φ + f (φ) = , in Q,
∂φ
∂ν
= v, on ,
φ = , on ,
φ() = φ, φ′() = φ, in ,
satisﬁes (φ(T),φ′(T)) = (, ), and φ ∈ Hβ () where β ≤  – ε. The regularity of φ for




and v ∈H–() such that φ(T) = , φ′(T) = . 
Remark . For dynamic Wentzell systems with boundary condition (.), we can also
prove the results as Theorem . and Proposition . by similar arguments.
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